We study a quantum game played by two players with restricted multiple strategies. It is found that in quantum game Nash equilibrium does not always exist which is totally different from that in classical game. This happens only when the initial state is in entangled state. At the same time, we find that when Nash equilibrium exists the pay off function is usually different from that in the classical counterpart except in some special cases. This presents an explicit example where quantum game and classical game differ fundamentally.
I. INTRODUCTION
Quantum game theory has become a new area of application of quantum theory. Twoplayer quantum game [1, 2] , multi-player non-cooperative quantum game [3] and the cooperative three player quantum game [4, 5] have been reported recently. In these studies, only 2 × 2 matrix strategy have been considered [1] [2] [3] [4] [5] [6] [7] [8] where the two players have only two pure strategies respectively and the payoff matrix of player is a two-dimensional matrix. In classical game theory [9] , 2 × 2 matrix strategy game is only a small part in the whole game theory. It is therefore natural to generalize game theory in quantum mechanics with multiple strategies. In this work, we will consider the N × M (N, M ≥ 2) matrix strategy where one player has N and the other has M pure strategies.
The rules of the quantum game are as follows: 1) before the game starts, the initial state are known to the players, just like the case in a classical game. In our work, we suppose the initial state has the form of a 0 |0 + . . .+ a n |n with a 0 , a 1 . . . a n ≥ 0. This initial state can be a product state or an entangled state; 2) each player makes a unitary transformation on the initial state to place his strategy. By varying the parameter in the unitary transformation, he can choose his strategy for his benefit.
We begin by simple examples and then generalize the results into higher dimensions.
II. 2 × 3 MATRIX STRATEGY
Suppose player has two pure strategies and player B has three pure strategies. The payoff matrix of player A is given by
where, the columns index [i] denotes the pure strategies of player B , and the row index
[j] is the strategies for player A. In classical game, Nash Equilibrium can be obtained by mixed strategies, where player A chooses his two strategies with equal probability: (
His payoff is zero. Similarly the mixed strategy for player B is ( 1 2 , 0, 1 2 ), and payoff is zero too. In quantum game, the players take their strategies by changing the quantum state of the game machine using a unitary operation. A general unitary transformation can be written as
We restrict ourselves into the following unitary transformation
by changing the parameter p, we can take different strategies.
For player A, he can choose in principle any operation in the U(3) group. But we can set some restrictions which corresponds to different rules of the game. For instance, in three-dimensional space, the following unitary operation
will be one possible choice. However, this restricted unitary operator is still very complicated because it contains 3 parameters. To simplify our discussion, we require the unitary operation to depends on only one parameter. Furthermore, the operator can make superposition of all the pure strategies which is possible in quantum game, but is not possible in classical game. The purpose is to see the effects that brings about by a quantum game machine. We find that the following operator
where
is unitary and can produce a superposition of the various strategies. By choosing a different q,
Bob chooses different strategy. Now, let us choose the initial state as |ψ in = a 0 |11 + a 1 |22 ,
. Without loss of generality, we suppose a 0 , a 1 ≥ 0. By applying unitary matrices to the initial state, the output state of the game machine becomes
We can obtain the payoff function of player A as follows
When a 0 = 1, a 1 = 0, where no entanglement is present, the payoff function of player A is
The payoff of player A with respect to p and q is plotted in Fig.1 . The 3D-figure displays a shape of saddle, and the saddle-point is the Nash Equilibrium point. The precise value can be found by solving
which give the Nash Equilibrium strategies at p = 10 13
, q = 5 13
. The corresponding payoff is 14 13
, and payoff for player B is − 14 13
. If a 0 = 0, a 1 = 1 , then the payoff of player A is 0 in Nash Equilibrium strategies, which is exactly the same as that in classical game. In these two cases, the initial state is a product states, a Nash equilibrium can be found. But it is not always equal to the classical counterpart.
It is interesting to point out that although in classical game Nash equilibrium always exist, it is not true in a quantum game. If we choose an entangled initial state, say let
, no Nash Equilibrium point exists. This example clearly shows the difference between classical game and quantum game. When the initial state is a product, Nash equilibrium can be found, but the payoff may not be the same as that in the classical game. When entanglement is present in the initial state, the quantum game may have quite different properties compared with classical game.
III. 3 × 3 MATRIX STRATEGY
Suppose both players have three distinct strategies, and the payoff matrix of player A is
[1] 2 0 2
[2] 0 3 1
The classical Nash Equilibrium strategy is ( ) for player A, and ( ) for player B. At Nash Equilibrium, the payoff of player A is 4 3 , and player B − . In quantum game theory, we let the initial state |ψ in = a 0 |11 + a 1 |22 + a 2 |33 where
(1 − p)/2p) and U 3B = √ qI − √ 1 − q exp(iθ 2 )M, where
(1 − q)/2q), respectively. The payoff function of player A is
If the initial state has no entanglement, say a 0 = 1, a 1 = a 2 = 0, then the payoff function of player A is
We have plotted the 3d-figure in Fig.2 . We get a saddle point at p = 5 9 , q = in Nash Equilibrium strategy which is the same as that of classical game.
However, when a 0 = a 1 = a 2 = 1 √ 3
, the payoff function is
We have also plotted the 3-dimensional figure for the payoff of player A in Fig.3 . We can not find any saddle point. In other word, the Nash Equilibrium strategy disappears in quantum game. Likewise, when we let
, a 2 = 0, the saddle does not exist either. All these show that the Nash Equilibrium strategy don't always exist in quantum game in an entangled initial state. We emphasize again that this is in clear contrast to classical game where Nash Equilibrium strategy always exists.
IV. N × M MATRIX STRATEGY
In a general case when player A has N strategies and player B has M strategies, we assume the payoff function of player A is
Generally, we use the initial state |ψ in = ijk a k |ij , where
We define the M matrices of player A and player B.
We 
where n,m i,j |C ij | 2 = 1, and we let x ij = |C ij | 2 . We write the probability matrix
x 11 x 12 . . . x 1m
x 21 x 22 . . . x 2m
. . . . . . . . . . . .
From equations (17,18), we obtain
Now, we let
In term of the equation (21), we may obtain the saddle point p 0 , q 0 and the payoff functions P A = P A (p 0 , q 0 ) and P B = −P A (p 0 , q 0 ) at the Nash Equilibrium point as well. It should be emphasized that Nash Equilibrium point does not always exist in the quantum game.
Moreover, it is possible to have more than one saddle point in quantum game.
V. CONCLUSION
In this paper, we have studied a special multiple strategy quantum game. It is explicitly demonstrated that entanglement plays an important role in quantum game, and it makes the quantum game distinctly different from that of classical game in some cases. In particular, it is found that when the initial state is entangled, Nash equilibrium does not always exist, in contrast to classical game. However, when the initial state is a product state, Nash equilibrium exists. From this example, it is seen that the initial state is perhaps more important than the type of operators allowed in quantum game. 
